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“ Hausdorff dimension and conformal dynamics ”
I: Kleinian groups and strong limits.
II: Geometrically finite rational maps.
III: Computation of dimension.
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Schottky 2 $z^{2}+c$ $c\in[-1,1/2]$
1087 1999 93-107 93
Julia Blaschke Julia
1984
“ Calculating the exponent of divergence of
the Poincar\’e series ”
\sim




2.1 $n$- $S^{n}=\mathbb{R}^{n}\cup\{\infty\}$ $\mathcal{F}$ ( )
$f$ : $U(f)arrow S^{n}$
$U(f)$ $f$ $S^{n}$ .
Liouville $n\geq 3$ $S^{n}$
M\"obius $n\geq 3$ $f$
M\"obius ( ) ( M\"obius
)
$f$ : $Uarrow S^{n}$
$f$ $C^{1}$ $\sigma=\frac{2|dx|}{1+|x|^{2}}(x\in \mathbb{R}^{n})$ $f$




$|f’(x)|>0$ $n=2$ $U$ $|f’(x)|=0$
22 $\mu$ $\delta$ $\mathcal{F}$- $S^{n}$ Borel




$U$ $U(f)$ ( Borel ) $f$ : $Uarrow W=f(U)$





$\varphi$ $\varphi d\nu=\int_{W}\varphi\circ gd\mu$ $E\subset U$
Borel




















23 $(\mathcal{F}, \mu)$ Markov $S^{n}$ $P_{i}$ $\in \mathcal{F}$
$P_{i}$ $\subset U(f_{i})$ $P=\langle(P_{i}, f_{i});i\in I\rangle$
(1) $f_{i}(P_{i}) \supset\bigcup_{i\vdash+j}P_{j}$ . ( $i\vdasharrow j$ $\mu$ (. $f_{i}(P_{i})$ ) $>0$
)
$\mu$ ( $f_{i}(P_{i})$ $P_{j}$ ) $>0\Rightarrow f_{i}(P_{i})\supset P_{j}$ .
(2) $i\vdasharrow j$ $R_{ij}:=P_{i}\cap f_{i}^{-1}(P_{j})$ $S^{n}$
(3) $i\in I$ $\mu(P_{i})>0$ .
(4) $i\neq j$ $\mu(P_{i}\cap Pj)=0$ .
(5) $\mu(fi(P_{i}))=\mu(\bigcup_{i}rightarrow jP_{j})=\sum_{i\vdash+j}\mu(P_{j})$ .
$P_{i}$ Markov
(a) (1),(3) $i\vdash\Rightarrow j\Leftrightarrow f_{i}(P_{i})\supset P_{j}$
$(R_{ij})=$ (2) : $R_{ij}arrow$
$g_{ij}$ : $arrow R_{ij}$
$R_{ij}$
$R_{ij}$ $|f_{i}’(x)|>0$
(b) (2.1) (3), (6) $\mu(f_{i}(P_{i}))>0$ (5)
$i\in I$ $j\in I$ $irightarrow j$
$\neq I<\infty$




2.1 (Schottky ) Schottky
$D_{1},$ $D_{-1},$ $\cdots,$ $D_{g},$ $D_{-\mathit{9}}$ $2g$
$D_{j}$ $D_{-j}$ $D_{j}=\{z;|z-aj|\leq r_{j}\},$ $D_{-j}=$
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$\{z;|z-b_{j}|\leq r_{j}\}$ M\"obius $A_{j}$
$A_{j}(z)= \frac{\zeta_{j}r_{j}^{2}}{z-a_{j}}+b_{j}$
$\zeta_{j}$ 1 $A_{j}$ $D_{j}^{\mathrm{O}}$
$D_{-j}$ $\partial D_{j}$ $A_{j}$ (isometric circle)
$\partial D_{j}=\{z;|A_{j}’(z)|=1\}$ $\partial D_{-j}$ $A_{j}^{-1}$
$G=\langle A_{1}, \cdots, A_{g}\rangle$ Schottky
Patterson-Sullivan –
$\delta$ Hausdorff
$G$ Markov $I=\{1, -1, \cdots, g, -g\}$






Markov $P$ $R(P)$ $I_{1}=\{(i, j)\in I^{2}; irightarrow j\}$ $\langle(R_{ij}, f_{i});(i, j)\in$
$I_{1}\rangle$
2.1 $(i, j),$ $(i’, j’)\in I_{1}$ $(i, j)-+(i’,j’)$ $i’=j$
$j-+j’$
Proof. $(i, j)-\succ(i’, j’)$ $\mu(f_{i}(R_{ij})\cap Ri\prime j’)>0$
$R_{i’j’}\subset P_{i’}$
$f_{i}(R_{i}j)\mathrm{n}Ri’j;=P_{j}\cap R_{i^{;}}j’\subset P_{j}\cap Pi$’
$\prime \mathcal{P}$ (4) $i’=j$
$j’\vdash+j$ $(j, j’)=(i’, j’)\in I_{1}$ $i’=j$
$(R_{ij}.)\cap R_{i’j’}=P\text{ }$ $R_{jj’}=R_{jj’}$
.
(3)
$\mu(R_{jj’})>0$ $(i, j)\vdash\Rightarrow(i’, i^{;})$
‘
$\blacksquare$
$\mathcal{R}(P)$ $(\mathcal{F}, \mu)$ Markov
(a) $(i, j)\in I_{1}$ $f_{i}$ : $R_{ij}arrow$
$R_{ij}$ (1) $\sim(6.)$




(3) $(i, j)\in I_{1}$
$0< \mu(P_{j})=\mu(f(R_{i}j))=\int_{R_{ij}}|f_{i}’(x)|^{\delta}d\mu(X)$
$\mu(R_{ij})>0$
(4) $(i,j)\neq(i’,j’)$ $i\neq i’$ $\mu(R_{ij}\cap Ri\prime j’)\leq\mu(P_{i}\cap Pi’)=0$
$\mathrm{O}\mathrm{K}$ $i=i’$ $j\neq j’$ $R_{ij}\cap Rij’=$
$f_{i}^{-1}$ ( $P_{j}$ $P_{j’}$ ) $P_{i}$
$0= \mu(P_{j}\mathrm{n}P_{j^{J}})=\mu(f_{i}(Rij\cap Rij’))=\int_{R_{ij}\cap R_{ij’}}|f_{i}’(X)|^{\delta}d\mu(X)$ .
$Rij\cap Rij$’ $\mathrm{a}.\mathrm{e}$ . $|f_{i}’|=0$ – (a) $R_{ij}$ $|f_{i}’|>0$
$\mu(R_{ij}\cap R_{ij’}=0$
(5) $(i, j)\in I_{1}$ $(R_{ij})=P_{j}$
$.(i,j) \mapsto(i’,j\bigcup_{\prime)}R_{ij}\prime\prime=\cup Rjj\prime jrightarrow j^{;}=(f_{j}|_{P_{j}})^{-1}(_{jrightarrow j’}\cup Pj^{!})$
$f_{i}(Rij) \backslash \bigcup_{)(i,j)\text{ }arrow(i\prime,j’}Ri;j’=P_{j\backslash (}f_{j}|_{P_{j}})^{-}1(_{jrightarrow j’}\cup P_{j}\prime \mathrm{I}=(f_{j}|_{P_{j}})^{-1}(f_{j}(P_{j})\backslash j\mapsto j\bigcup_{l}P_{j’)}$
$\prime \mathcal{P}$ (5) $\mu$- $0$
(2.1) (6) $0$ $\mathcal{R}(P)$
(5)
(6)
$P$ Markov $\mathcal{R}(P)$ Markov
$\mathcal{R}^{2}(P)$ $\prime \mathcal{R}^{n}(P)$
22 $P$ $\xi$- Markov $(\xi>1)$ $\mathcal{R}^{n}(P)$
$O(\xi^{-n})$
Proof. $P$ $\rho$ $\xi$- $R_{ij}$ $|f_{i}’(x)|_{\rho}>$
$\xi$ $|f_{i}’|$ $R_{ij}\subset V_{ij}\subset U(f_{i})$ $V_{ij}$
$|f_{i}’|_{\rho}\geq\xi$ $j\in I$ $V_{j}$ $\bigcap_{irightarrow j}f_{i}(Vij)$
E $P_{j}$ $L>0$
$x,$ $y\in$ 2 $V_{j}$ $\gamma$ $\rho$
$\ell_{\rho}(\gamma)$ $L$ ( $\rho$ diam\rho \rho ( ) $\leq L$
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$I$ $\neq I=N$ $\# I_{1}\leq N^{2}$ 2.1
$\neq I_{2}\leq N^{3}$ $\# I_{n}\leq\neq I_{n-1}\cdot\neq I_{n-2}$ $N$
Fibonacci
3
$S^{n}$ $\mathcal{F}$ $\delta$ $\mu$








$\iota J-10$ ( )











$T$ $m$ $T$ $\mathbb{C}^{m}$
$||T||= \sup_{x\in \mathbb{C}^{m}}|Tx|/|x|$ ( $|x|^{2}=|x_{1}|^{2}+$
$+|x_{m}|^{2}$ ) $\lambda(T)=\lim_{karrow\infty}||T^{\mathrm{o}k}||1/k$
$T^{\mathrm{o}k}$ $T$ $k$




Proof. $P=\langle(P_{i}, f_{i});i\in I\rangle$ $\sigma$ \xi -
$i\vdash+j$
$S_{ij}= \min_{x\in Pj}|g_{ij}’(x)|$ , $U_{ij}= \max_{x\in P_{j}}|g_{ij}(\prime x)|$
$i,$ $j$ $S_{ij}=U_{ij}=0$ $S=(S_{ij}),$ $U=(U_{ij})$
$S_{ij}\leq T_{ij}\leq U_{ij}<\xi^{-1}<1$
$\lambda(T^{\alpha})$ $\alpha$ $\alphaarrow\infty$ $0$
( 42 ) (b) $u=(1, \cdots, 1)\in \mathbb{C}^{m}$




$S^{\delta}m\leq m\leq U^{\delta}m$ (3.1)
(2.1) (5)
$0= \mu(fi(Pi)\backslash \cup irightarrow P_{j})=\int_{P_{i}\backslash (P)}\bigcup_{ijg_{ij}}\mapsto j|f_{i}’|\delta d\mu$
(6) $\mu(P_{i}\backslash \bigcup_{irightarrow jg_{i}j}(P_{j}))=0$ (22)




( (3.1) $||U^{\delta}||\geq 1$ $1\leq\lambda(U^{\delta})$
– )
:



























– $\approx x_{i}$ ( $n$
$=x_{i}+O(\xi^{-n}))$ $M$ $m$







(b) $T$ primitive, $k$ $T^{\mathrm{o}k}>0$















$A\geq B$ $A>B$ $C=(C_{ij})$
$C^{+}=(|C_{ij}|)$ 1 $m$ $l$
$1_{ml}$ $1_{m}=1_{mm}$ $m$ $E=E_{m}$
$m$ $A=(A_{ij})$ $\alpha\geq 0$ $A^{\alpha}$ $A_{ij}^{\alpha}$
$A^{\mathrm{o}k}$
4.1 $0\leq A\leq B$ $\lambda(A)\leq\lambda(B)$
$c$ $\lambda(cA)=|c|\lambda(A)$




42 $\xi>1$ $O$ $m$ $A$ $0\leq A\leq\xi^{-1}1_{m}$
$\lambda(A^{\alpha})$ $\alpha\geq 0$
$\alphaarrow\infty$ $\lambda(A^{\alpha})arrow 0$
Proof. $\beta=\alpha+\epsilon>\alpha$ $A^{\beta}\leq\xi^{-\epsilon}A^{\alpha}$ $\lambda(A^{\beta})\leq$
$\xi^{-\mathcal{E}}\lambda(A^{\alpha})<\lambda(A^{\alpha})$
$\blacksquare$
$C=\{x\in \mathbb{R}^{m}\backslash \{0\};x\geq 0\},$ $C^{\mathrm{o}}=\{x\in$
$\mathbb{R}^{m};x>0\}$ $S=\{x\in C;|x|=1\},$ $S^{\mathrm{o}}=S\cap C^{\circ}$
$m$ $A$ $x=(x_{i})\in C$ $r_{x}$ $r^{x}$ $Ax\geq\rho x$
$Ax\leq\rho x$ $\rho\geq 0$ $I(x)=\{1\leq$
$i\leq m;x_{i}>0$ $(Ax)_{i}>0\}$
$r_{x}(A)=r_{x}=iI(il) \min_{\in}\frac{(Ax)_{i}}{x_{i}}$ , $r^{x}(A)=r^{i\mathrm{r}}=_{i\in I} \max\frac{(Ax)_{i}}{x_{i}}(x)$
$0\leq r_{x}\leq r^{x}\leq\infty$ $0\leq A\leq B$
$i$
$r_{i\mathrm{r}}(A)\leq r_{x}(B),$ $r^{x}(A)\leq r^{x}(B)$
Perron Frobenius
irreducible
4.3 (Perron (1907)) $A$ $m$
$\lambda(A)=\max_{x\in C}r_{x}=\min_{x\in C}r^{x}$ (4.1)
$\lambda=\lambda(A)$ .A simple










$A$ $0$ $x$ $y=Ax$
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$\rho x_{1}-Ax_{1}$ $0$ $A$
$\rho A_{X_{1^{-}}}A(AX_{1})>0$ $r^{Ax_{1}}<\rho$




$A’$ $y$ $A’y=\mu y$ $|\mu|y^{+}\leq A’y^{+}$
$x_{1}$








$y^{+}$ $0$ $\lambda=\rho$ $A’$
1
$y$






















$x$ $y_{k}=A^{\mathrm{o}k}.X,$ $zk=yk/|y_{k}|$ $z_{k}arrow x_{1}$
$r_{k}=r^{y_{k}}=r^{z_{k}}$ (4.2) $r_{1}\geq r_{2}\geq\cdots$
$r_{\infty}= \lim_{k}r_{k}$ $z_{k}\in A(S)$ $A(S)$ (














$x_{1}$ $H=\{x\in \mathbb{R}^{m}; \langle x, x_{1}\rangle=0\}$ –
$F$
$L(x)=d_{x_{1}}F(x)= \lim_{tarrow 0}\frac{F(x_{1}+t_{X})-x_{1}}{t}=\frac{1}{\lambda}(Ax-\langle x, X_{1}\rangle_{X_{1})}$
$L:Harrow H$ 1
$n$ $||L^{\text{ }n}||<1$
$A$ $A$ $\lambda=\lambda_{1},$ $\lambda_{2},$
$\cdots,$
$\lambda_{m}$
$x_{1},$ $x_{2},$ $\cdots,$ $x_{m}$ $j>1$
$|\lambda_{j}|<\lambda$ $x\in H$ $x=t_{1^{X}1}+\cdot\cdots+t_{m^{X}m}$
105
( $t_{j}$ $\in \mathbb{C}$)
$d_{x_{1}}F^{\circ n}(X)= \frac{1}{\lambda^{n}}(A^{\mathrm{o}n_{X}}-\langle x, X_{1}\rangle_{X_{1})}$
$=t_{1}x_{1}+ \sum_{j=2}^{m}tj(\lambda j/\lambda)n-tj1x_{1^{-}}\sum_{j=2}xtmj(\lambda_{j}/\lambda)n\langle X_{j}, x1\rangle X_{1}$
$= \sum_{j=2}^{m}tj(\lambda j/\lambda)^{n}(xj-\langle X_{j}, X1\rangle x_{1})$





4.4 $A$ $O$ $m$
$\lambda=\lambda(A)=\max r_{x}x\in c=\inf_{x\in C^{\mathrm{O}}}r^{x}$
$\lambda$ $A$
Proof. $A_{n}=A+\epsilon_{n}1_{m},$ $\in_{n}arrow+0$ $A$
$\lambda(A_{n})arrow\lambda(A)$
$x_{n}\in s\circ$ $A_{n}$ – $S$
$x_{n}arrow x_{0}$ $x_{0}$
$\lambda=\lambda(A)$ $x\in c\circ$
$narrow\infty$ $(A_{n})arrow r^{x}(A)$ 43 $\lambda(A_{n})\leq r^{x}(A_{n})$
$\lambda\leq r^{x}(A)$ - $A<A_{n}$ $r^{x}(A)\leq r^{x}(A_{n})$
$x\in C^{\mathrm{o}}$ infc $r^{x}(A)\leq\lambda(A_{n})$ $narrow\infty$
$\mathrm{i}\mathrm{n}\mathrm{f}c$ $r^{x}(A)\leq\lambda$
$r_{x}$ $A<A_{n}$ ,(A) $\leq r_{x}(A_{n})$
$\sup r_{x}(A)\leq\lambda=\lambda(A)$ - $\lambda$ $x\in C$





44 $C$ $C^{\mathrm{O}}$ $C^{\mathrm{O}}$ $C$
– $0<\mu<\lambda$
$A=$
$\lambda(A)=\lambda$ inf, $\in c^{r^{x}}--\sup oe\in C^{\mathrm{O}}r_{\dot{x}}=\mu<\lambda$
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